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Axp þ Byq ¼ Czr ð1Þ
of the Fermat equation with A; B; C; p; q; r; x; y; z positive integers. In [4] the
Gelfond–Schneider Theorem was used to show Fermat’s Last Theorem still
holds with Gaussian integer exponents. Here, using Baker’s generalization
of the Gelfond–Schneider Theorem, we show how to ﬁnd all solutions to (1)
with x; y; z positive rational numbers and p ¼ a þ ia; q ¼ b þ ib; r ¼ c þ ig
Gaussian integers with the restriction that xa; yb; zg are not all 1. For certain
values of A; B; C we will explicitly give all solutions to (1) subject to the same
restrictions.
Throughout the paper when x is a positive real, we deﬁne xa to mean
ea ln x where ln x is the real logarithm of x:
The main result of the paper is the following:
Theorem 1. Let A; B; C; a; b; c be integers with A; B; C non-zero. Let x;
y; z be positive rational numbers and a; b; g be real algebraic numbers. If
Axaþia þ Bybþib ¼ Czcþig; ð2Þ
then
xa ¼ yb ¼ zg;
and
Axa þ Byb ¼ Czc:
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JOHN A. ZUEHLKE226Moreover if xa; yb; zg are not all 1, then abga0; both a=b and a=g are rational
numbers, and x; y; z can be explicitly determined.
From Theorem 1, we deduce the following Corollaries:
Corollary 1. Let x; y; z be positive rational numbers. Let a; b; c be
integers and a; b; g be real algebraic numbers such that xa; yb; zg are not all 1.
If
xaþia þ ybþib ¼ zcþig;
then
xa ¼ yb ¼ zg;
and
xa ¼ yb ¼ 2k; zc ¼ 2kþ1; where k is an integer:
Corollary 2 (Zuehlke [4]). Let x; y; z be positive rational numbers and p
be a Gaussian integer. If
xp þ yp ¼ zp; ð3Þ
then p ¼ 1;2:
Corollary 3. Let y; z be positive rational numbers and b; c; b; g be
integers. If
zcþig  ybþib ¼ 1;
then yb ¼ zg ¼ 1:
Before we prove Theorem 1, we ﬁrst need to prove three Lemmas:
Lemma 1. Let x1; . . . ; xl ; a1; . . . ; al be real algebraic numbers with
x1; . . . ; xl positive. If w ¼
Ql
j¼1 x
iaj
j is algebraic then
Yl
j¼1
x
aj
j ¼ 1; so w ¼ 1:
Proof. Over the rational numbers, there exists a maximal linearly
independent subset of the aj’s, say a1; . . . ; ak: We can write
Yl
j¼1
x
aj
j ¼
Yk
j¼1
y
aj
j ;
DARMON–GRANVILLE EQUATION 227where the yj ’s are all products of the xj’s to rational powers and
therefore
Yl
j¼1
x
iaj
j ¼
Yk
j¼1
y
iaj
j :
Baker’s Theorem [1, p. 11] states that
Qk
j¼1 y
Zj
j is transcendental for any
algebraic numbers yj other than 0 or 1 and any algebraic numbers Zj; with 1,
Z1; . . . ; Zk linearly independent over the rationals. Since the aj’s are real
algebraic numbers linearly independent over the rationals, 1, ia1; . . . ; iak are
linearly independent over the rationals. Baker’s Theorem forces each yj ¼ 1
and the conclusion follows. ]
Lemma 2. Let r; s; t be non-zero algebraic numbers. Let each of aj; bj; gj;
xj ; yj; zj be a real algebraic number with each xj ; yj; zj positive. Then
rX i þ sY i ¼ tZi; ð4Þ
where
X ¼
Yl
j¼1
x
aj
j ; Y ¼
Ym
j¼1
y
bj
j ; Z ¼
Yn
j¼1
z
gj
j ;
if and only if
X ¼ Y ¼ Z and r þ s ¼ t:
Proof. Multiplying (4) by its complex conjugate gives
%rsw þ r%s
w
¼ jtj2  jrj2  jsj2 with w ¼ Y i=X i:
All the coefﬁcients in the equation in w are algebraic so w is algebraic. By
Lemma 1,
X ¼ Y :
Putting sY i on the other side of (4) and repeating the above argument gives
Y ¼ Z:
The other implication is obvious. ]
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integers with ðp; qÞ ¼ ðr; sÞ ¼ 1: If xp=q; xr=s are both rational then
x ¼ m½q;s	;
where m is a positive rational number and the square bracket, here and later,
denotes least common multiple.
Proof. Consider the prime-power factorizations of x and xp=q;
x ¼
Y
l prime
lel ; xp=q ¼
Y
l prime
lfl :
The two corresponding factorizations of xp give pel ¼ qfl for each prime l:
Since ðp; qÞ ¼ 1; q divides each el : Similarly, s divides each el : It follows that
½q; s	 divides each el ; from which the conclusion follows. ]
We now have enough tools to prove Theorem 1:
Proof of Theorem 1. From Lemma 2
xa ¼ yb ¼ zg; ð5Þ
and
Axa þ Byb ¼ Czc: ð6Þ
If xa; yb; zg are not all 1, (5) forces abga0: If any two of a; b; g are linearly
independent over the rationals, say a; b then 1; ia; ib are linearly
independent over the rationals. Since yibxia ¼ 1 is algebraic, x ¼ y ¼ 1
by Baker’s Theorem. Thus xa ¼ yb ¼ zg ¼ 1; a contradiction. So a=b and
a=g are both rational.
From (5)
xa=b ¼ y and xa=g ¼ z:
Since a=b and a=g are rational numbers, a=b ¼ p=q and a=g ¼ r=s where
p; q; r; s are non-zero integers with q; s positive and ðp; qÞ ¼ ðr; sÞ ¼ 1: Thus
xp=q ¼ y; xr=s ¼ z are rational. From Lemma 3, x ¼ md ; with m a positive
rational number and d ¼ ½q; s	: It follows that y ¼ me and z ¼ mf with e and
f positive integers. We now are left with two cases:
Case 1: xa; yb; zc are not all equal. From (6)
Amad þ Bmbe  Cmcf ¼ 0: ð7Þ
Since xa; yb; zc are not all equal, it follows that ad; be; cf are not all equal.
Dividing out by the minimal power of m occurring in (7), we see that m is a
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PðTÞ ¼ ATa0 þ BTb0  CTc0 ;
where a0; b0; c0 are non-negative integers, not all equal, with minða0; b0; c0Þ ¼
0: Since ABCa0 and a0; b0; c0 are not all equal, PðTÞ is non-constant. By the
Rational Root Theorem, the rational roots of PðTÞ are of the form u=v;
where u; v are integers with ðu; vÞ ¼ 1; and each u; v divides at least one of the
non-zero numbers in the set
S ¼ fA; B; C; A þ B; A  C; B  Cg:
There are only ﬁnitely many integers that divide the non-zero elements of
S; so we can ﬁnd all the rational roots of PðTÞ: Since x; y; z are ﬁxed integral
powers of these roots (given by a; b; g), it follows that any rational x; y; z
satisfying (2) can be explicitly determined.
Case 2: xa ¼ yb ¼ zc: Since xa ¼ yb ¼ zc; (5) implies xaþia ¼ ybþib ¼ zcþig:
From (6) it follows that A þ B ¼ C: Thus, to ﬁnd all solutions of (2) we
must ﬁnd all solutions to the equation xaþia ¼ ybþib ¼ zcþig: So x; y; z do not
explicitly depend on A; B; C: Since xa; yb; zg are not all 1, abga0 implies
x; y; za1: Since xa ¼ yb ¼ zc; then either a ¼ b ¼ c ¼ 0 or abca0:
If a ¼ b ¼ c ¼ 0; then we need only to ﬁnd solutions to (5). By the dis-
cussion immediately preceding Case 1, we know x ¼ md ; y ¼ xa=b; z ¼ xa=g for
some positive rational number ma1: In fact, for any positive rational ma1;
x ¼ md ; y ¼ xa=b; z ¼ xa=g is a solution to (2) and these are all the solutions.
If abca0; in addition to (5) we also have the condition that
xa=b ¼ y; xa=c ¼ z: Since xa0 and xa=b ¼ y ¼ xp=q; we see that
xa=bp=q ¼ 1: ð8Þ
Since x is rational and xa1; (8) forces a=b ¼ p=q: Similarly, a=c ¼ r=s:
Thus, the condition that xa ¼ yb ¼ zc is equivalent to (5). So again for
any positive rational ma1; x ¼ md ; y ¼ xa=b; z ¼ xa=g give all solutions
to (2). ]
Remark. If we allow A; B; C to be arbitrary non-zero algebraic numbers,
and xa; yb; zg are not all 1, we can still ﬁnd all rational x; y; z satisfying (2)
under the conditions of Theorem 1.
In Case 1, this boils down to ﬁnding all rational roots of the polynomial
PðTÞ ¼ ATa0 þ BTb0  CTc0 : This can be done in the following way: Given
A; B; C we can ﬁnd an algebraic number y such that the ﬁeld QðyÞ is normal
over Q and contains A; B; and C: The conjugates AðjÞ; BðjÞ; CðjÞ belong to
JOHN A. ZUEHLKE230QðyÞ: Suppose the degree of QðyÞ over Q is r: We form the product
NðTÞ ¼
Yr
j¼1
ðAðjÞTa0 þ BðjÞTb0  CðjÞTc0 Þ:
By basic Galois theory, NðTÞ is a non-constant polynomial with rational
coefﬁcients. Any rational root of PðTÞ is also a rational root of NðTÞ: By
using the Rational Root Theorem, one can ﬁnd all the rational roots of
NðTÞ: Then one can test these roots in PðTÞ to ﬁnd all the rational roots of
PðTÞ: In Case 2, x; y; z do not explicitly depend on A; B; C: So the argument
of Case 2 still holds.
Finally, we prove the three corollaries:
Proof of Corollary 1. From Theorem 1, xa ¼ yb ¼ zg and xa þ yb ¼ zc:
Since xa þ yb ¼ zc; it follows that xa; yb; zc are not all equal. We are in the
situation of Case 1 of Theorem 1. Since A ¼ B ¼ C ¼ 1; S ¼ f0; 1; 2g and it
follows that x; y; z are powers of 1 or 2. So x ¼ 2d ; y ¼ 2e; z ¼ 2f where
d; e; f are integers. Since xa þ yb ¼ zc we have
2ad þ 2be ¼ 2cf :
Thus
2adbe þ 1 ¼ 2cfbe;
forcing ad  be ¼ 0; cf  be ¼ 1: So xa ¼ 2ad ¼ yb ¼ 2be ¼ 2k with k ¼ be;
zc ¼ 2cf ¼ 2kþ1: ]
Proof of Corollary 2. For p an integer, this is Wiles’s Theorem [3].
For p ¼ a þ ia with a; a integers and aa0; then it follows from (3) and
Theorem 1 that
xa ¼ ya ¼ za and xa þ ya ¼ za;
which are inconsistent. ]
Proof of Corollary 3. In (2) put A ¼ B ¼ C ¼ x ¼ 1; a ¼ a ¼ 0: Then by
Theorem 1, yb ¼ zg ¼ 1: ]
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